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Abstract
This paper presents a 6d world-volume action that describes the dynamics of
the M theory five-brane in a flat 11d space-time background. The world-volume
action has global 11d super-Poincare´ invariance, as well as 6d general coordinate
invariance and kappa symmetry, which are realized as local symmetries. The
paper mostly considers a formulation in which general coordinate invariance is
not manifest in one direction. However, it also describes briefly an alternative
formulation, due to Pasti, Sorokin, and Tonin, in which general coordinate in-
variance is manifest. The latter approach requires auxiliary fields and new gauge
invariances.
1Work supported in part by the U.S. Dept. of Energy under Grant No. DE-FG03-92-ER40701.
1 Introduction
World-volume actions of p-branes encode much information about their dynamics. In the
case of strings (in flat backgrounds) the world-volume theory has been quantized and used
to construct the string perturbation expansion. In the case of p-branes with p > 1, one does
not expect that it is possible to do the same. Still, many recent works have shown that
an understanding of p-branes, including their excitations, can be very useful. Much non-
perturbative information has been gleaned by considering vacua containing various branes of
infinite extension. (A good example is provided by the 7-branes of F-theory [1].) Also, non-
perturbative excitations described by wrapping p-branes about various cycles have played a
central role in recent studies of black hole entropy as well as other problems [2, 3, 4]. We
suspect that a more detailed characterization of p-brane world-volume dynamics will enable
these studies to go further.
The actions for the class of supersymmetric p-branes whose only degrees of freedom are
the superspace coordinates X and θ of the ambient space-time were constructed during the
decade of the 1980’s [5, 6, 7, 8, 9]. Much more recently, the actions for D-branes in type II
theories have been constructed [10, 11, 12, 13]. In addition to the X and θ variables, these
world-volume theories contain a U(1) gauge field with Born–Infeld self interactions [14, 15,
16, 17, 18, 19]. For maximally supersymmetric theories, the only significant p-brane action
that remains to be formulated is that of the M theory five-brane [20, 21, 22, 23, 24]. This
paper presents the solution.
The new feature that makes the M theory five-brane example somewhat more challenging
than the other ones is the presence of a second-rank tensor gauge field, in addition to the
X and θ coordinates [25]. This gauge field describes a chiral boson in the world volume,
since its field strength is self-dual in the linearized approximation. It has been known for a
long time that there is no straightforward way to construct a covariant action that describes
propagation of the self-dual part of this field without also bringing in the anti-self-dual
part [26]. Various proposals for dealing with this problem have been suggested over the
years. The main one that we adopt is based on a formulation in which general coordinate
invariance is only manifest in five of the six dimensions [27, 28, 29, 30]. It is also present in
the sixth direction, but the transformation formulas that describe the symmetry are rather
complicated. The bosonic part of the five-brane theory, constructed by this method, has
been presented recently [31]. Another approach to the problem of the chiral boson uses an
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infinite number of auxiliary fields [32, 33, 34].
Very recently, a manifestly covariant formulation involving only a finite number of auxil-
iary fields (and compensating gauge invariances) has been introduced by Pasti, Sorokin, and
Tonin [35, 36]. Constructions using the PST formulation turn out to be about as compli-
cated as those in the formulation without manifest covariance. In fact, one of the new gauge
invariances of the PST formulation involves the same subtleties as those of general coordi-
nate invariance in the non-covariant approach, since one can gauge fix the PST formulas to
obtain the non-covariant ones and show that compensating gauge transformations are the
origin of the complicated general coordinate transformation.
Besides general coordinate invariance, the other essential symmetry of the world-volume
theory of any super p-brane is a fermionic symmetry called kappa symmetry. It is always
needed to remove half the degrees of freedom carried by the θ variables, leaving altogether
eight propagating fermionic degrees of freedom. This is the same as the number of bosonic
degrees of freedom, of course, as required by supersymmetry. The way this is achieved is by
adding a suitable Wess–Zumino term to the action.
In all previous super p-brane examples, the global super-Poincare´ symmetry (induced
from an ambient flat space-time background) is implemented separately for the Wess–Zumino
term and the other terms. The story in the case of the M theory five-brane has a surprising
new feature. Namely, extending the bosonic five-brane theory to achieve global 11d super-
Poincare´ symmetry uniquely determines the complete action, including the Wess–Zumino
term. The formula obtained in this way is then shown to have general coordinate invariance
and local kappa symmetry. In the covariant PST formulation one is forced to organize the
terms somewhat differently, so in that approach the story looks somewhat more conventional.
Specifically, the covariant action divides naturally into two pieces: one piece is the supersym-
metrized bosonic theory and the second is a separately supersymmetric Wess–Zumino term.
The reason these statements are not in contradiction is that the PST gauge invariances,
which are needed to achieve the right bosonic degrees of freedom, require that both terms
be included.
This paper is organized as follows. Section 2 reviews the construction of the bosonic
part of the M theory five-brane action in both the non-covariant and the PST formulations.
Section 3 then describes the supersymmetrization of this theory and the determination of the
Wess–Zumino term in the non-covariant formulation. The proof that the resulting theory
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has (non-manifest) general coordinate invariance is given in Section 4. Section 5 presents the
proof of kappa symmetry. The verification of two crucial identities is relegated to a pair of
appendices. This section also sketches the corresponding formulas in the PST formulation.
Section 6 describes double dimensional reduction, which gives rise to a 4-brane in 10d space-
time. The resulting theory gives a dual formulation of the D4-brane of type IIA theory in
which the theory is expressed in terms of a two-form gauge field instead of the dual U(1)
vector gauge field. Some concluding remarks are made in Section 7.
2 Review of the Bosonic Theory
2.1 Formulation Without Manifest Covariance
Ref. [31] analyzed the problem of coupling a 6d self-dual tensor gauge field to a metric
field so as to achieve general coordinate invariance. It presented a formulation in which one
direction is treated differently from the other five. At the time that work was done, the
author knew of no straightforward way to make the general covariance manifest. However,
shortly thereafter a paper appeared [35] that presents equivalent results using a manifestly
covariant formulation [36], which we refer to as the PST formulation. The relation between
the two approaches will be described in the next subsection. As one might expect, they entail
similar complications and there does not appear to be much advantage to one approach over
the other. Therefore, we will present the supersymmetric M theory 5-brane action in the
formulation without manifest covariance. This action corresponds to a partially gauge-fixed
version of the corresponding action in the PST formulation.
In the present work we denote the 6d (world volume) coordinates by σµˆ = (σµ, σ5), where
µ = 0, 1, 2, 3, 4. (In ref. [31] they were called xµˆ.) The σ5 direction is singled out as the
one that will be treated differently from the other five.2 The 6d metric Gµˆνˆ contains 5d
pieces Gµν , Gµ5, and G55. All formulas will be written with manifest 5d general coordinate
invariance. As in refs. [30, 31], we represent the self-dual tensor gauge field by a 5 × 5
antisymmetric tensor Bµν , and its 5d curl by Hµνρ = 3∂[µBνρ]. A useful quantity is the dual
H˜µν =
1
6
ǫµνρλσHρλσ. (1)
2This is a space-like direction, but one could also choose a time-like one. (See the discussion in sect. 2.2.)
The reason we prefer this choice is that in section 6, where we perform a double dimension reduction to
obtain a 4-brane in 10d, elimination of the special dimension leaves manifestly covariant equations.
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It was shown in ref. [31] that a class of generally covariant bosonic theories could be
represented in the form L = L1 + L2 + L3, where
3
L1 = −1
2
√−Gf(z1, z2),
L2 = −1
4
H˜µν∂5Bµν , (2)
L3 =
1
8
ǫµνρλσ
G5ρ
G55
H˜µνH˜λσ.
The notation is as follows: G is the 6d determinant (G = detGµˆνˆ) and G5 is the 5d determi-
nant (G5 = detGµν), while G
55 and G5ρ are components of the inverse 6d metric Gµˆνˆ . The
ǫ symbols are purely numerical with ǫ01234 = 1 and ǫµνρλσ = −ǫµνρλσ. A useful relation is
G5 = GG
55. The z variables are defined to be
z1 =
tr(GH˜GH˜)
2(−G5)
z2 =
tr(GH˜GH˜GH˜GH˜)
4(−G5)2 . (3)
The trace only involves 5d indices:
tr(GH˜GH˜) = GµνH˜
νρGρλH˜
λµ. (4)
The quantities z1 and z2 are scalars under 5d general coordinate transformations.
Infinitesimal parameters of general coordinate transformations are denoted ξµˆ = (ξµ, ξ).
Since 5d general coordinate invariance is manifest, we focus on the ξ transformations only.
The metric transforms in the standard way
δξGµˆνˆ = ξ∂5Gµˆνˆ + ∂µˆξG5νˆ + ∂νˆξGµˆ5. (5)
The variation of Bµν is given by a more complicated rule, whose origin is explained in ref. [31]:
δξBµν = ξKµν , (6)
where
Kµν = 2
∂(L1 + L3)
∂H˜µν
= K(1)µν f1 +K
(2)
µν f2 +K
(ǫ)
µν (7)
3The formula given in ref. [31] has been rescaled by an overall factor of −1/2.
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with
K(1)µν =
√−G
(−G5)(GH˜G)µν
K(2)µν =
√−G
(−G5)2 (GH˜GH˜GH˜G)µν (8)
K(ǫ)µν = ǫµνρλσ
G5ρ
2G55
H˜λσ,
and we have defined
fi =
∂f
∂zi
, i = 1, 2. (9)
Assembling the results given above, ref. [31] showed that the required general coordinate
transformation symmetry is achieved if, and only if, the function f satisfies the nonlinear
partial differential equation [37]
f 21 + z1f1f2 + (
1
2
z21 − z2)f 22 = 1. (10)
As discussed in [30], this equation has many solutions, but the one of relevance to the M
theory five-brane is
f = 2
√
1 + z1 +
1
2
z21 − z2. (11)
For this choice L1 can reexpressed in the Born–Infeld form
L1 = −
√
−det
(
Gµˆνˆ + iGµˆρGνˆλH˜ρλ/
√
−G5
)
. (12)
This expression is real, despite the factor of i, because it is an even function of H˜ . Eliminating
the factor of i would correspond to replacing z1 by −z1, which also solves the differential
equation. However, it is essential for the five-brane application that the phases be chosen as
shown.
2.2 The PST Formulation
In ref. [35] (using techniques developed in ref. [36]) results equivalent to those of the preceding
subsection are described in a manifestly covariant way. To do this, the field Bµν is extended
to Bµˆνˆ with field strength Hµˆνˆρˆ. In addition, an auxiliary scalar field a is introduced. The
PST formulation has new gauge symmetries (described below) that allow one to choose the
gauge Bµ5 = 0, a = σ
5 (and hence ∂µˆa = δ
5
µˆ). In this gauge, the covariant PST formulas
reduce to those of sect. 2.1.
As will become clear, the scalar field a is really a zero-form potential with one-form field
strength da. Only the field strength needs to be single-valued. Furthermore, for the action to
be nonsingular, it is necessary that the 6 manifold M6 admit nowhere null closed one-forms
and that da be restricted to the class of such one-forms. It is allowed to be either time-like
or space-like, however. This topological restriction on M6 is consistent with the conclusions
reached in ref. [22]
Equation (12) expressed L1 in terms of the determinant of the 6× 6 matrix
Mµˆνˆ = Gµˆνˆ + i
GµˆρGνˆλ√−GG55 H˜
ρλ. (13)
In the PST approach this is extended to the manifestly covariant form
M cov.µˆνˆ = Gµˆνˆ + i
GµˆρˆGνˆλˆ√
−G(∂a)2
H˜ ρˆλˆcov.. (14)
The quantity
(∂a)2 = Gµˆνˆ∂µˆa∂νˆa (15)
reduces to G55 upon setting ∂µˆa = δ
5
µˆ, and
H˜ ρˆλˆcov. ≡
1
6
ǫρˆλˆµˆνˆσˆτˆHµˆνˆσˆ∂τˆa (16)
reduces to H˜ρλ. Thus M cov.µˆνˆ replaces Mµˆνˆ in L1. Furthermore, the expression
L′ = − 1
4(∂a)2
H˜ µˆνˆcov.HµˆνˆρˆG
ρˆλˆ∂λˆa, (17)
which transforms under general coordinate transformations as a scalar density, reduces to
L2 + L3 upon gauge fixing. It is interesting that L2 and L3 are unified in this formulation.
Let us now describe the new gauge symmetries of ref. [35]. Since degrees of freedom a
and Bµ5 have been added, corresponding gauge symmetries are required. One of them is
δBµˆνˆ = 2φ[µˆ∂νˆ]a, (18)
where φµˆ are infinitesimal parameters, and the other fields do not vary. In terms of differ-
ential forms, this implies δH = dφda. H˜ ρˆλˆcov. is invariant under this transformation, since it
corresponds to the dual of Hda, but dada = 0. Thus the covariant version of L1 is invariant
under this transformation. The variation of L′, on the other hand, is a total derivative.
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The second local symmetry involves an infinitesimal scalar parameter ϕ. The transfor-
mation rules are δGµˆνˆ = 0, δa = ϕ, and
δBµˆνˆ =
1
(∂a)2
ϕHµˆνˆρˆG
ρˆλˆ∂λˆa+ ϕVµˆνˆ , (19)
where the quantity Vµˆνˆ is to be determined. This transformation is just as complicated as
the non-manifest general coordinate transformation in the non-covariant formalism. Rather
than derive it from scratch, let’s see what is required to agree with the previous formulas
after gauge fixing. In other words, we fix the gauge ∂µˆa = δ
5
µˆ and Bµ5 = 0, and figure out
what the resulting ξ transformations are. We need
δa = ϕ+ ξ∂5a = ϕ+ ξ = 0, (20)
which tells us that ϕ = −ξ. Then
δξBµν =
1
(∂a)2
ϕHµνρˆG
ρˆλˆ∂λˆa + ϕVµν + ξH5µν
= −ξ
(
Gρ5
G55
Hµνρ + Vµν
)
= ξ(K(ǫ)µν − Vµν). (21)
Thus, comparing with eqs. (6) and (7), we need the covariant definition
Vµˆνˆ = −2 ∂L1
∂H˜ µˆνˆcov.
(22)
to achieve agreement with our previous results.
To summarize, we have learned that the covariant PST formulation has new gauge trans-
formations, and one of them encodes the complications that end up in general coordinate
invariance after gauge fixing. Thus this formalism is not simpler than the non-covariant one.
However, it is more symmetrical, and it does raise new questions, such as whether there are
other gauge choices that are worth exploring.
3 Supersymmetrization
The super–Poincare´ symmetry of the flat 11d space-time background should be implemented
as a global symmetry of the five-brane theory. In terms of superspace coordinates XM and
θ, the 11d supersymmetry transformation is given by
δθ = ǫ and δXM = ǫ¯ΓMθ. (23)
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Our convention is that the index M takes the values M = 0, 1, . . . , 9, 11. Skipping M = 10
may seem a bit peculiar, but then X11 is the 11th dimension. Also, the Dirac matrix
Γ11 = Γ0Γ1 . . .Γ9, which appears in ten dimensions as a chirality operator, is precisely
the matrix we associate with the 11th dimension. The spinors ǫ and θ are 32-component
Majorana spinors. The Dirac algebra is
{ΓM ,ΓN} = 2ηMN , (24)
where ηMN is the 11d Lorentz metric with signature (−++ . . .+).
As in other supersymmetric p-brane theories, two supersymmetric quantities are ∂µˆθ and
ΠMµˆ = ∂µˆX
M − θ¯ΓM∂µˆθ. (25)
The appropriate choice for the world-volume metric is then the supersymmetric quantity
Gµˆνˆ = ηMNΠ
M
µˆ Π
N
νˆ . (26)
Taking θ and XM to be scalars under world-volume general coordinate transformations, Gµˆνˆ
transforms in the standard way.
In addition, we require an appropriate supersymmetric extension of H = dB, which we
write as
Hµνρ = Hµνρ − bµνρ, (27)
or, in terms of differential forms, H = H − b3. The idea is to choose a b3 whose supersym-
metry variation is exact, so that it can be cancelled by an appropriate variation of B. The
appropriate choice turns out to be
b3 =
1
6
bµνρdσ
µdσνdσρ =
1
2
θ¯ΓMNdθ(dX
MdXN + dXM θ¯ΓNdθ +
1
3
θ¯ΓMdθθ¯ΓNdθ). (28)
Varying this, using δǫθ = ǫ and δǫX
M = ǫ¯ΓMθ, one finds that H is invariant for the choice
δǫB = −1
2
ǫ¯ΓMNθ(dX
MdXN +
2
3
θ¯ΓMdθdXN +
1
15
θ¯ΓMdθθ¯ΓNdθ)
− 1
6
ǫ¯ΓMθθ¯ΓMNdθ(dX
N +
1
5
θ¯ΓNdθ). (29)
A useful (and standard) identity that has been used in deriving this result is
dθ¯ΓMdθdθ¯ΓMN + dθ¯ΓMNdθdθ¯Γ
M = 0. (30)
8
The overall normalization of b3 and δǫB could be scaled arbitrarily (including zero) as far as
the present reasoning is concerned. The specific choice that has been made is the one that
will be required later. We also note, for future reference, that
dH = −db3 = −1
2
dθ¯ΓMNdθΠ
MΠN = −1
2
dθ¯ψ25dθ. (31)
where we have introduced the matrix valued one-form
ψ5 = ΓMΠ
M
µ dσ
µ. (32)
With these choices for Gµˆνˆ and H, we can now write down extensions of L1 and L3 that
have manifest 11d super-Poincare´ symmetry:
L1 = −
√−G
√
1 + z1 +
1
2
z21 − z2
L3 =
1
8
ǫµνρλσ
G5ρ
G55
H˜µνH˜λσ, (33)
where z1 and z2 are now formed from H instead of H .
The next step is to construct a supersymmetric extension of L2. This term is the Wess–
Zumino term, which can be represented as the integral of a closed 7-form I7 over a region
that has the 6d world volume M6 as its boundary. In other words,
S2 =
∫
M7
I7 =
∫
M6
Ω6, (34)
where I7 = dΩ6 and M6 = ∂M7. The appropriate expression for I7 that reproduces L2 of
the purely bosonic theory is
I
(B)
7 = −
1
2
HdH =
1
2
H∂5Hdσ
5. (35)
To understand this properly, there is a point that needs to be stressed. Namely, in adding a
formal 7th dimension, the extra dimension is required to enter symmetrically with the first
five. There continues to be one preferred direction, σ5, that is treated specially. Correspond-
ingly, in writing M6 = ∂M7, the boundary operator should not act on the σ
5 direction. In
other words, M7 should have no σ
5 = constant faces. It should also be noted that this M
theory five-brane theory action has a Wess–Zumino term that survives even for the bosonic
truncation in a flat space-time background. However, as we will see in the next subsection,
this feature is particular to the non-covariant formulation and is not shared by the PST
formulation in which the pieces of the action are arranged somewhat differently.
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To complete the construction of L2 we must now supersymmetrize I
(B)
7 . The term
1
2
H∂5Hdσ5 achieves this, of course, but it is no longer closed. Additional terms should
be added such that dI7 = 0, up to a total derivative in the σ
5 direction. The result that we
find is
I7 =
1
2
H∂5Hdσ5 − 1
2
Hdθ¯ψ2dθ − 1
120
dθ¯ψ5dθ, (36)
where
ψ = ΓMΠ
M
µˆ dσ
µˆ = ψ5 + ΓMΠ
M
5 dσ
5. (37)
When interpreting the 4-form dθψ2dθ and the 7-form dθψ5dθ it must be understood that
one of the derivatives is required to be in the σ5 direction. The proof that dI7 is a total σ
5
derivative is reasonably straightforward using the identity (30) as well as
1
6
(dθ¯ΓMNPQRdθdθ¯Γ
R + dθ¯ΓRdθdθ¯ΓMNPQR) = dθ¯Γ[MNdθdθ¯ΓPQ]. (38)
Since I7 is manifestly supersymmetric, it is guaranteed that Ω6 is invariant up to a total
derivative under a supersymmetry transformation. For most purposes an explicit formula
for L2 is not required. Here we will simply report that
L2 = −1
4
H˜µν(∂5Bµν − 2bµν) + terms indep. of B, (39)
where b2 =
1
2
bµνdσ
µdσν is given by4
b2 = −1
2
θ¯ΓMN∂5θ(dX
MdXN + dXM θ¯ΓNdθ +
1
3
dθ¯ΓMdθdθ¯ΓNdθ)
+
1
2
θ¯ΓMNdθ(2dX
M∂5X
N − ∂5XM θ¯ΓNdθ − dXM θ¯ΓN∂5θ − 2
3
θ¯ΓMdθθ¯ΓN∂5θ).(40)
Knowing this much of L2 is sufficient to obtain the Bµν equation of motion.
4 General Coordinate Invariance
We should now check whether the general coordinate invariance of the bosonic theory in sect.
2.1 continues to hold after adding terms depending on θ in the way that we have described.
As in the bosonic case, general coordinate invariance in five directions is manifest, so only
the transformation in the σ5 direction needs to be checked. The coordinates XM and θ
transform as scalars, i.e.,
δξX
M = ξ∂5X
M and δξθ = ξ∂5θ, (41)
4This expression is equal to bµν5, where bµˆνˆρˆ is the covariant extension of the expression given in eq. (28).
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which implies that Gµˆνˆ transforms as in eq. (5). To specify the proper transformation law
for Bµν , we should first examine its equation of motion. Using eq. (39), this is
ǫµνρλσ∂ρ (Kλσ − ∂5Bλσ + bλσ) = 0. (42)
The formula for Kµν is as given in eqs. (7) and (8), except that now L1 and L3 of the
supersymmetrized theory should be used. This simply amounts to replacing H by H and
using the supersymmetric expression for Gµˆνˆ . By the reasoning explained in ref. [31], the
B equation of motion suggests that the appropriate transformation formula, generalizing
eq. (6), is
δξBµν = ξ(Kµν + bµν). (43)
To determine δξH, one first computes that
δξb3 = ξ∂5b3 + b2dξ. (44)
It follows that
δξH = d(δξB)− ξ∂5b3 − b2dξ = d(ξK)− ξZ3, (45)
where
Z3 = ∂5b3 − db2. (46)
This can be made manifestly supersymmetric by noting that
Z3dσ
5 = (∂5b3 − db2)dσ5 = −1
2
dθ¯ψ2dθ. (47)
The 4-form on the right-hand side of this equation is required to contain one σ5 derivative.
The important point is that the Z3 term in δξH has no counterpart in the bosonic
theory, so general coordinate invariance of the supersymmetric theory is not an immediate
consequence of the corresponding symmetry of the bosonic theory. Let us examine next the
part of δξ(L1 + L3) that arises from varying H, but not G. It is
δξH˜µν ∂(L1 + L3)
∂H˜µν =
1
2
δξH˜µνKµν . (48)
This is conveniently characterized by the 5-form
(d(ξK)− ξZ3)K ∼ −ξK(dK + Z3), (49)
where ∼ means that a total derivative has been dropped.
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Consider now the ξ transformation of L2. A portion of L2 was given in eq. (39). Repre-
senting this as a 5-form and using
δξb2 = ∂5(ξb2), (50)
one obtains
δξL2 = −(∂5B − b2)d(ξ(K + b2)) +H∂5(ξb2) + . . .
∼ ξK(∂5H + Z3) + 1
2
b22dξ + . . . (51)
where the dots are the contribution from varying the H independent terms in L2. The . . .
terms precisely cancel the b22 term, leaving
δξL2 ∼ ξK(∂5H + Z3). (52)
The demonstration that the . . . terms contribute −1
2
b22dξ can be made as follows. The first
two terms in eq. (36) contribute the non-H pieces
1
2
b3∂5b3dσ
5 +
1
2
b3dθ¯ψ
2dθ, (53)
which has a non-trivial ξ transformation, because of the asymmetric way in which the σ5
direction appears. The variation is easy to compute, and can be expressed as the exterior
derivative of −1
2
b22dξ, which implies that this contributes the required variation of L2.
Combining eq. (52) with eq. (49) leaves
δH(L1 + L3) + δξL2 ∼ ξK(∂5H− dK). (54)
This must now be combined with the terms arising from varying Gµˆνˆ in L1 and L3. How-
ever, at this point all terms whose structure is peculiar to the supersymmetric theory have
cancelled. The rest of the calculation is identical to that for the bosonic theory given in
ref. [31] and, therefore, need not be repeated here.
5 Proof of Kappa Symmetry
5.1 Formulation Without Manifest Covariance
As with all other super p-branes of maximally supersymmetric theories, the world-volume
theory should have 8 bosonic and 8 fermionic physical degrees of freedom. This requires,
12
in particular, the existence of a local fermionic symmetry (called kappa) that eliminates
half of the components of θ. Despite the lack of manifest general coordinate invariance, the
analysis of kappa symmetry for theM theory five-brane is very similar to that of other super
p-branes. As usual, we require that
δθ¯ = κ¯(1− γ), (55)
where κ(σ) is an arbitrary Majorana spinor and γ is a quantity (to be determined) whose
square is the unit matrix. This implies that 1
2
(1 − γ) is a projection operator, and half of
the components of θ can be gauged away. In addition, just as for all other super p-branes,
we require that
δXM = −δθ¯ΓMθ, (56)
so that
δΠMµˆ = −2δθ¯ΓM∂µˆθ. (57)
As in our other work [11], we introduce the induced γ matrix
γµˆ = Π
M
µˆ ΓM , (58)
which satisfies
{γµˆ, γνˆ} = 2Gµˆνˆ . (59)
In this notation, the kappa variation of the metric is
δGµˆνˆ = −2δθ¯(γµˆ∂νˆ + γνˆ∂µˆ)θ. (60)
Before we can examine the symmetry of our theory, we must also specify the kappa
variation of Bµν . This works in a way that is analogous to that of the world-volume gauge
field for D-branes. Specifically, for the choice
δB =
1
2
δθ¯ΓMNθ(dX
MdXN + θ¯ΓMdθdXN +
1
3
θ¯ΓMdθθ¯ΓNdθ)
+
1
2
δθ¯ΓMθθ¯ΓMNdθ(dX
N +
1
3
θ¯ΓNdθ), (61)
we find that most of the terms in δH cancel leaving
δHµνρ = 6δθ¯γ[µν∂ρ]θ (62)
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or, equivalently,
δH˜µν = ǫµνρλσδθ¯γρλ∂σθ. (63)
Since we now have the complete theory and all the field transformations, it is just a matter
of computation to check the symmetry.
Before plunging into the details of the calculation, it is helpful to sketch the general
strategy that will be employed. It turns out to be convenient to consider L2 and L3 together
and to write their kappa variation in the form
δ(L2 + L3) =
1
2
δθ¯T µˆ∂µˆθ. (64)
The variation of L1 is represented in a similar manner:
δL1 = − 1
2L1
δθ¯U µˆ∂µˆθ. (65)
Then, in order that δθ¯ = κ¯(1− γ) should be a symmetry, we require that altogether
δ(L1 + L2 + L3) =
1
2
δθ¯(1 + γ)T µˆ∂µˆθ, (66)
which is achieved if
U µˆ = ρT µˆ, (67)
where
ρ = −γL1 = γ
√−G
√
1 + z1 +
1
2
z21 − z2. (68)
This implies that
ρ2 = −G(1 + z1 + 1
2
z21 − z2). (69)
We must vary the Lagrangian to find T µˆ and U µˆ, and then determine ρ with the proper square
and show that U µˆ = ρT µˆ. This is all straightforward, but it needs to be done carefully.
Since the σ5 direction appears asymmetrically in the Lagrangian, the analysis of U µˆ =
ρT µˆ is naturally split into two separate problems, corresponding to µˆ = 5 and µˆ 6= 5. The
µˆ = 5 case is the easier of the two, so let us begin with that. We must examine where we
can get ∂5θ’s. The variations of Bµν and Gµν do not give any. Therefore, in varying L1, the
variations of z1 and z2 do not contribute. The only contribution comes from
δ
√−G = −2√−Gδθ¯γµˆ∂µˆθ, (70)
where, of course, γµˆ = Gµˆνˆγνˆ . Thus
U5 = −4ρ2γ5. (71)
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To determine T 5 we must vary L2 + L3. Using the identity
δ
(
G5ρ
G55
)
= 2
Gηρ5 G
5µˆ
G55
δθ¯(γµˆ∂η + γη∂µˆ)θ, (72)
the relevant piece of δL3 is
1
4
ǫµνρλσG
ηρ
5 δθ¯γη∂5θH˜µνH˜λσ, (73)
which contributes
T 52 =
1
2
ǫµνρλσG
ηρ
5 γηH˜µνH˜λσ (74)
to T 5. (The subscript on T represents the power of H.)
The variation of the Wess–Zumino term S2 is
δS2 =
∫
(Hδθ¯ψ2dθ − 1
60
δθ¯ψ5dθ), (75)
a result that is obtained by expressing δI7 as a total differential. This determines T
5
0 + T
5
1 ,
with
T 50 = −
1
30
ǫµ1...µ5γµ1...µ5 = −4γ¯γ5, (76)
where we have introduced
γ¯ = γ012345, (77)
which satisfies (γ¯)2 = −G. The H linear term is
T 51 = −2H˜µνγµν . (78)
Combining these results with
U5 = −4ρ2γ5 = ρT 5, (79)
we infer that T 5 = −4ργ5, where
ρ = γ¯ +
1
2G55
H˜νργνργ5 − 1
8G55
ǫµνρλσH˜µνH˜ρλγσ5. (80)
To obtain the H2 term we have used the identity
Gησ5 γη = γ
σ − G
σ5
G55
γ5, (81)
from which it follows that
Gησ5 γηγ
5 = γσ5. (82)
If our reasoning is correct, this expression for ρ should have the square given in eq. (69).
This fact is verified in Appendix A.
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To complete the proof of kappa symmetry, we must find Uµ and T µ and show that
Uµ = ρT µ. Separating powers of H, as above, the variation of L2 contributes to T µ0 and T µ1
while the variation of L3 contributes to T
µ
1 and T
µ
2 . Altogether, we find that
T µ0 = −4γ¯γµ
T µ1 = −
2
G55
(G5µH˜νργνρ + 2H˜µνγνγ5)
T µ2 =
1
2G55
ǫηνρλσH˜νρH˜λσ(G5µGηζ5 γζ +Gµη5 γ5). (83)
The variation of L1 determines U
µ =
∑4
n=0 U
µ
n , where
Uµ0 = 4Gγ
µ
Uµ1 = −
1
G55
ǫµνρλσγλσ(GH˜G)νρ
Uµ2 = −
4
G55
γν(H˜GH˜)µν − 2
(G55)2
G5µγ5tr(GH˜GH˜)
Uµ3 =
1
G(G55)2
ǫµνρλσγλσ
(
1
2
(GH˜G)νρtr(GH˜GH˜)− (GH˜GH˜GH˜G)νρ
)
Uµ4 =
4
G(G55)2
γν
(
1
2
(H˜GH˜)µνtr(GHGH)− (H˜GH˜GH˜GH˜)µν
)
+
2
G(G55)2
(
Gµ5γ5 − 1
2
G55γµ
)(
1
2
(tr(GH˜GH˜))2 − tr(GHGHGHGH)
)
. (84)
The demonstration that Uµ = ρT µ is presented in Appendix B.
In conclusion, we have shown that the theory specified by L1+L2+L3 has all the desired
symmetries: global 11d super–Poincare´ symmetry, general coordinate invariance, and local
kappa symmetry.
5.2 Supersymmetric Theory in the PST Formulation
The supersymmetric theory that we have just presented can be recast in a manifestly general
covariant form, using the PST formalism, just as we did for the bosonic theory in sect. 2.2.
In order to keep the notation from being too cumbersome, in this section (and only in this
section) indices µ, ν, etc., take six values, (i.e., we drop the hats used until now). Also the
label “cov.” is dropped. Thus, upon supersymmetrization, eq. (14), for example, becomes
Mµν = Gµν + i
GµρGνλ√
−G(∂a)2
H˜ρλ, (85)
where
H˜ρλ = 1
6
ǫρλµνστHµνσ∂τa. (86)
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Also, Gµν is constructed as in eqs. (25) and (26), and H = H − b3 is extended to six
dimensions. In this notation the supersymmetric theory is given by L = L1 + L
′ + LWZ ,
where
L1 = −
√
−detMµν
L′ = − 1
4(∂a)2
H˜µνHµνρGρλ∂λa (87)
SWZ =
∫
Ω6.
L1 can again be recast in the form
L1 = −
√−G
√
1 + z1 +
1
2
z21 − z2, (88)
where now z1 and z2 are the obvious covariant counterparts of those in eq. (3). The Wess–
Zumino term is again characterized by a seven-form I7 = dΩ6, where now
I7 = −1
4
Hdθ¯ψ2dθ − 1
120
dθ¯ψ5dθ. (89)
It is easy to check that dI7 = 0 using eqs. (30) and (38). Global ǫ supersymmetry and local
reparametrization symmetry are manifest in these formulas. Note that neither the metric
Gµν nor the scalar field a occur in LWZ .
When one chooses the gauge a = σ5 and Bµ5 = 0, the Lagrangian given above reduces
to the one in sect. 3. The way this happens is somewhat non-trivial. The point is that
L′ reduces to L3 and a portion of the non-covariant Wess–Zumino term L2. Specifically, in
the gauge-fixed theory the sum over the index ρ in the formula for L′ can be separated into
ρ = 5 and ρ 6= 5 terms. The ρ 6= 5 term accounts for L3 of the gauge-fixed theory, while the
ρ = 5 term accounts for the H2 piece of L2 and a portion of the H piece. In particular, this
accounts for why the coefficient of the H linear term in eq. (89) differs from that in eq. (36).
The proof of kappa symmetry in the PST formulation works as before (with δa = 0), so
we will not repeat the argument.5 The covariant extension of eq. (80) is
ρ = γ¯ +
1
2(∂a)2
H˜νργνργλ∂λa− 1
16(∂a)2
ǫµνρλστ H˜µνH˜ρλγστ . (90)
The demonstration that ρ2 = −detMµν is essentially the same as in Appendix A. The
covariant formula for T µ = T µ0 + T
µ
1 + T
µ
2 is given by
T µ0 = −4γ¯γµ
5Also, D. Sorokin informs us that it will appear soon in a paper by him and collaborators.
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T µ1 = −
2
(∂a)2
H˜νρ(γνρGµλ − 2δµργνγλ)∂λa
T µ2 = −
1
(∂a)2
H˜ηνHηνρ(γρGλµ + γλGρµ)∂λa
+
2
[(∂a)2]2
H˜ηνHηνρGρλ∂λaγσ∂σaGµζ∂ζa. (91)
In the Bµ5 = 0, a = σ
5 gauge, these expressions reduce to the formulas T 5 and T µ given in
eqs. (74), (76), (78), and (83). The proof of kappa symmetry works essentially the same as
before.
6 Double Dimensional Reduction
As is now well-known, when one of the ten spatial dimensions of M theory is a small circle
of radius R, the theory can be reinterpreted as Type IIA string theory in ten dimensions
with string coupling constant proportional to R3/2 [38, 39]. The five-brane of M theory can
then give rise to either a five-brane or a four-brane of Type IIA string theory depending
on whether or not it wraps around the circular dimension. Here we wish to focus on the
case that it does wrap (once) so that one obtains a four-brane. This case is called “double
dimensional reduction,” because the dimension of the brane and the dimension of the ambient
space-time have been reduced by one at the same time. (The first example of this type to
be studied was the double dimensional reduction of the M theory two-brane, which gives
the Type IIA fundamental string [9].) The known 4-brane of Type IIA string theory is, in
fact, a D-brane, which implies that its world-volume theory contains an abelian vector gauge
field. However, the five-brane theory that we have constructed contains an antisymmetric
tensor gauge field, which remains one even after the reduction. However, as we will show
elsewhere [40], the D4-brane action and the 4-brane with antisymmetric tensor gauge field
obtained below, are related by a world-volume duality transformation. This is analogous to
the relationship between the M2-brane and the D2-brane [41, 42, 43].
The covariant action for the dual D4-brane in ten dimensions can be obtained from the
M theory five-brane action by setting
X11 = σ5 (92)
and then dropping all dependence on σ5, i.e., extracting the zeroth Fourier mode. Doing
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this gives
ψ → ψ + CΓ11 (93)
Gµν → Gµν + CµCν (94)
b3 → C3, (95)
where
Cµ = −θ¯Γ11∂µθ (96)
is the part of Π11µ that survives. C and
C3 = b3 +
1
2
θ¯Γ11Γndθθ¯Γ
11dθ(dXn +
2
3
θ¯Γndθ) (97)
enter in the D4-brane Wess-Zumino term. In these formulae quantities on the left (right)
of the arrow have target space indices summed on 11 (10) values (e.g., ψ = ΓMΠ
M on the
L.H.S., ψ = ΓmΠ
m on the R.H.S., where m = 0, 1, . . . , 9 and M = (m, 11)). Also,
G = detGµˆνˆ → G = detGµν
G5 = detGµν → det(Gµν + CµCν) = G(1 + C2), (98)
where
C2 ≡ GµνCµCν . (99)
One can analyze the double dimensional reduction of the action. A straightforward
calculation shows that
det
(
Gµˆνˆ + i
GµˆρGνˆλH˜ρλ√−G5
)
→ det

Gµν + i GµρGνλH˜ρλ√−G(1 + C2) + YµYν

 (100)
with
Yµ ≡ i GµρH˜
ρλCλ√
−G(1 + C2)
, (101)
which gives the double-dimensionally reduced version of L1. For L3 the answer is:
L3 =
1
8
ǫµνρλσ
G5ρ
G55
H˜µνH˜λσ → −1
8
ǫµνρλσ
Cρ
1 + C2
H˜µνH˜λσ. (102)
The Wess–Zumino term is given by the reduction
I7 → I6 = − 1
4!
dθ¯Γ11ψ
4dθ +Hdθ¯Γ11ψdθ. (103)
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Under double dimensional reduction
dH = −1
2
dθ¯ψ2dθ→ −1
2
dθ¯ψ2dθ + dθ¯Γ11ψdθC, (104)
whose supersymmetry variation is
δǫdH → dθ¯Γ11ψdθǫ¯Γ11dθ. (105)
From this one can infer that
δǫH → (ǫ¯Γ11θ)dθ¯Γ11ψdθ + total derivative. (106)
It is an interesting fact that, after the double dimensional reduction, H is no longer invariant
under supersymmetry. We will show below that the formula has a simple interpretation,
which ensures that the reduced theory is supersymmetric. The kappa variations of the
doubly dimensionally reduced theory can be analyzed in a similar manner. One finds that
δH = −δθ¯ψ2dθ → −δθ¯ψ2dθ + 2δθ¯Γ11ψdθC. (107)
In order to preserve the gauge choice (92), both the supersymmetry and the κ variations
of the 4-brane fields must include compensating σ5 general coordinate transformations:
0 = δǫX
11 + ξµˆǫ ∂µˆX
11 = ǫ¯Γ11θ + ξǫ
⇒ ξǫ = −ǫ¯Γ11θ
0 = δX11 + ξµˆκ∂µˆX
11 = −δθ¯Γ11θ + ξκ
⇒ ξκ = δθ¯Γ11θ. (108)
Upon double dimensional reduction the induced general coordinate transformation parameter
ξ only appears in the quantities (see eqs. (45) and (46))
δξH = d(ξK) + ξdb2 (109)
and
δξCµ = ∂µξ. (110)
The supersymmetry variations of C and H are entirely given by the induced σ5 general
coordinate transformation. Therefore supersymmetry of the theory after double dimensional
reduction is a consequence of both the supersymmetry and the general coordinate invariance
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of the original 6d theory. As a consistency check, one can show that eq. (109) with ξ = ξǫ
reproduces eq. (106). Kappa symmetry works similarly:
δCµ = −δθ¯Γ11∂µθ − θ¯Γ11∂µδθ = ∂µξκ − 2δθΓ11∂µθ, (111)
where the second term is the remnant of the κ variation of Gµ5. Looking at δ(dH) we can
compute
δH = −δθ¯ψ2dθ + 2δθ¯Γ11ψdθC − (δθ¯Γ11θ)dθ¯Γ11ψdθ + total derivative, (112)
which is reproduced by combining eqs. (107) and (109) for ξ = ξκ.
7 Discussion
This paper has presented the world-volume action of the M theory five-brane in a flat 11d
background. The required global and local symmetries have been verified in detail using a
formulation in which one world-volume direction is treated differently from the others. The
corresponding results in the manifestly covariant PST formulation have also been presented.
Although we have not done it, we expect that it would be reasonably straightforward to
extend the results to an arbitrary background, as has been done for D-branes in refs. [12, 13].
All the considerations in this paper have been classical, but there are undoubtedly various
quantum implications. In fact, it has been suggested recently that certain supersymmetric 6d
theories can have non-trivial renormalization group fixed points [44]. Perhaps our five-brane
action is of this type.
The five-brane world-volume theory has a solitonic solution [30] that describes a finite-
tension self-dual string of the type discussed in [45]. We think that it will be very interesting
to study this string and its excitation spectrum, which could then be compared to the
spectrum conjectured in [46]. It is curious that the five-brane, which itself arises as a soliton of
the 11d theory, has its own solitons. Upon double dimensional reduction to the IIA 4-brane,
as discussed in sect. 6, the self-dual string can either wrap or not wrap. This reflects the fact
that the D4-brane has both point-like and string-like solitons, which are electric-magnetic
duals of one another. The point-like solitons can also be viewed as describing bound states of
D4-branes and D0-branes with the D0-brane charge representing momentum in the compact
dimension. The string-like solitons do not appear to have an analogous interpretation.
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Another direction that we think deserves to be explored is how the M5-brane should be
described in the background that describes the E8 × E8 theory [47]. The 5-brane in such
a background will have half as much supersymmetry as we have described, corresponding
to N = 1 in 10d. More significantly, it should have a soliton solution that describes a
“heterotic” self-dual string. The gauge group, whose currents would appear as left-movers,
should be E8 [48, 49]. It would also be interesting to explore how wrapping M5-branes on
suitable 2-cycles gives rise to Seiberg–Witten theories in the unwrapped dimensions [50].
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Appendix A – Evaluation of ρ2
This appendix will show that ρ2 = −G(1 + z1 + 12z21 − z2), where
ρ = γ¯ +
1
2G55
H˜νργνργ5 − 1
8G55
ǫµνρλσH˜µνH˜ρλγσ5. (113)
It is convenient to rewrite ρ2 (the subscript refers to the order in H) as
ρ2 =
1
8G5
γ¯γµνρλH˜µνH˜ρλ, (114)
where we have used
1
k!
ǫµˆ1...µˆ6γ
µˆ1...µˆk =
1
G
(−1) k(k+1)2 γ¯γµˆk+1...µˆ6 . (115)
The matrix γ¯ anticommutes with all γµ’s, so {ρ0, ρ1} = 0 and [ρ0, ρ2] = 0. Furthermore,
{ρ1, ρ2} ∼ [γαβ, γµνρσ]H˜αβH˜µνH˜ρσ = 0 (116)
as the commutator is antisymmetric over six 5-valued indices. Thus,
ρ2 = ρ20 + ρ
2
1 + 2ρ0ρ2 + ρ
2
2. (117)
We know already that ρ20 = −G and ρ0ρ2 = − 18G55 H˜µνH˜ρσγµνρσ. So we need
ρ21 =
1
4G55
H˜µνH˜ρσγµνγρσ = 1
4G55
H˜µνH˜ρσ(γµνρσ − 2GµρGνσ)
=
1
4G55
[H˜µνH˜ρσγµνρσ + 2tr (H˜2)],
where tr (H˜2) represents tr (GH˜GH˜). Thus, ρ21 + 2ρ0ρ2 = −Gz1. Finally,
ρ22 = −
G
64G25
H˜µ1µ2H˜µ3µ4H˜ν1ν2H˜ν3ν4γµ1µ2µ3µ4γν1ν2ν3ν4.
In the multiplication of gamma matrices6 one can argue that the only terms that contribute
after contraction with the H’s are effectively
γµ1µ2µ3µ4γν1ν2ν3ν4 ∼ 8Gµ1ν1Gµ2ν2Gµ3ν3Gµ4ν4 − 16Gµ1ν2Gµ2ν3Gµ3ν4Gµ4ν1,
6A useful generalisation of the relation γµ1...µmγµ = γµ1...µmµ +mγ[µ1...µm−1Gµm]µ is
γµ1...µmγν1...νn =
min(m,n)∑
k=0
Cmnk γµ1...µm−kν1...νn−kGµm−k+1νn−k+1 . . .Gµmνn ,
where Cmnk ≡ (−1)kn+
k(k+1)
2 k!
(m
k
)(n
k
)
. The terms in the sum are antisymmetrized over all µ’s and ν’s
separately.
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and thus
ρ22 = −
G
4G25
(
1
2
tr (H˜2)2 − tr (H˜4)) = −G(1
2
z21 − z2). (118)
Collecting all the terms, we obtain the desired relation:
ρ2 = −G(1 + z1 + 1
2
z21 − z2). (119)
Appendix B – Evaluation of ρT µ
We wish to demonstrate that ρT µ = Uµ, where ρ, T µ, and Uµ are given by eqs. (80), (83),
and (84), respectively. The calculation is somewhat messy, so we proceed order by order in
H.
To zeroth order, ρ0 = γ¯ and T
µ
0 = −4γ¯γµ give ρ0T µ0 = 4Gγµ = Uµ0 . The linear order
contribution comes from (ρT µ)1 = ρ1T
µ
0 + ρ0T
µ
1 , where
ρ1 =
1
2G55
H˜νργνρ5, T µ1 = −
2
G55
H˜νρ(G5µγνρ + 2Gµνγρ5). (120)
Since
ρ1T
µ
0 = −
2
G55
H˜νργνρ5γ¯γµ = 2
G55
H˜νργ¯(γνρ5µ +G5µγνρ + 2Gµνγρ5), (121)
we obtain
(ρT µ)1 =
2
G55
H˜νργ¯γνρ5µ = − 1
G55
ǫνρλσµγνρ(GH˜G)λσ, (122)
where eq. (115) has been used in obtaining the second equality. Thus, (ρT µ)1 = U
µ
1 .
The higher-order calculations somewhat simplify if one rewrites ρ2 as
ρ2 =
1
8G5
H˜νρH˜λσγ¯γνρλσ (123)
and T µ2 as
T µ2 =
1
2G55
H˜νρH˜λσǫηνρλσ(Gµ5Gηζ5 γζ +Gµη5 γ5) (124)
=
1
2G5
H˜νρH˜λσγ¯(γνρλσµ − 2G
µ5
G55
γνρλσ
5), (125)
using eqs. (81) and (82). In quadratic order,
(ρT µ)2 = ρ0T
µ
2 + ρ1T
µ
1 + ρ2T
µ
0 . (126)
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If we factor out (H˜νρH˜λσ) as a common factor in all terms,
ρ0T
µ
2 ∼ −
1
2G55
(γνρλσ
µ − 2G
5µ
G55
γνρλσ
5)
ρ1T
µ
1 ∼ −
1
(G55)2
γνρ
5[G5µγλσ + 2G
µ
λγσ
5] =
− 1
(G55)2
[G5µ(γνρλσ
5 − 2GλνGσργ5)− 2G55Gµλ(γνρσ + 2γνGσρ)]
ρ2T
µ
0 ∼ −
1
2G5
γ¯γνρλσγ¯γ
µ =
1
2G55
(γνρλσ
µ + 4γνρλGσ
µ).
Combining these contributions and reinstating (H˜νρH˜λσ) gives
(ρT µ)2 =
1
G55
H˜νρH˜λσ[2G
5µ
G55
GλνGσργ
5 + 4GµλγνGσρ] = (127)
= − 2
G55
[
G5µ
G55
tr (H˜2)γ5 + 2(H˜2)µνγν]
= Uµ2 . (128)
At cubic order in H,
(ρT µ)3 = ρ1T
µ
2 + ρ2T
µ
1 . (129)
Let the common factor to be (H˜αβH˜νρH˜λσ). Since,
γ5(γνρλσ
µ − 2G
µ5
G55
γνρλσ
5) = −γνρλσµγ5, (130)
we get
ρ1T
µ
2 ∼
1
4G55G5
γ¯γαβγνρλσ
µγ5
∼ 2
G55G5
γ¯(−γνρλGασδµβ +
1
2
γνρ
µGασGβλ − γνλµGασGβρ)γ5.
The second term in eq. (129) can also be simplified:
ρ2T
µ
1 ∼ −
1
4G55G5
γ¯γνρλσ(G
µ5γαβ + 2G
µ
βγαγ
5)
∼ − 2
G55G5
γ¯[Gµ5(−1
2
γνρGαλGβσ + γνλGαρGβσ)− γνρλGασδµβγ5].
Thus,
(ρT µ)3 =
2
G55G5
γ¯[γνρ
µγ5 −Gµ5γνρ][1
2
H˜νρtr (H˜2)− (H˜3)νρ]
=
1
G55G5
ǫαβνρµγαβ[
1
2
H˜tr (H˜2)− H˜3]νρ
= Uµ3 . (131)
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Finally, in the quartic order,
ρ2T
µ
2 = −
G
16G25
H˜µ1µ2H˜µ3µ4H˜ν1ν2H˜ν3ν4γµ1µ2µ3µ4(γν1ν2ν3ν4µ − 2
Gµ5
G55
γν1ν2ν3ν4
5). (132)
The relevant contribution of γ’s in this case is
γµ1µ2µ3µ4γν1ν2ν3ν4
µ ∼ [8γµ(Gµ1ν1Gµ2ν2Gµ3ν3Gµ4ν4 − 2Gµ2ν1Gµ3ν2Gµ4ν3Gµ1ν4)
−32γν1(δµµ1Gµ2ν2Gµ3ν3Gµ4ν4 − 2δµµ2Gµ3ν2Gµ4ν3Gµ1ν4)].
It follows that
(ρT µ)4 = − G
(G5)2
{(γµ − 2G
µ5
G55
γ5)[
1
2
(tr (H˜2))2 − (tr (H˜4)]
−4γν [1
2
tr (H˜2)H˜2 − H˜4]µν}
= Uµ4 . (133)
This completes the proof.
26
References
[1] C. Vafa, Nucl. Phys. B469 (1996) 403, hep-th/9602022.
[2] K. Becker, M. Becker, and A. Strominger, Nucl. Phys. B456 (1995) 130, hep-th/9507158.
[3] A. Strominger and C. Vafa, Phys. Lett. B379 (1996) 99, hep-th/9601029.
[4] J.A. Harvey and G. Moore, “Five-Brane Instantons and R2 couplings in N = 4 String
Theory,” hep-th/9610237.
[5] M.B. Green and J.H. Schwarz, Phys. Lett. 136B (1984) 367.
[6] J. Hughes, J. Liu, and J. Polchinski, Phys. Lett. B180 (1986) 370.
[7] E. Bergshoeff, E. Sezgin, and P.K. Townsend, Phys. Lett. B189 (1987) 75; Ann. Phys.
185 (1988) 330.
[8] A. Achucarro, J.M. Evans, P.K. Townsend, and D.L. Wiltshire, Phys. Lett. B198 (1987)
441; P.K. Townsend in “Superstrings ‘88,” Proc. of the Trieste Spring School, eds. M.B.
Green, M.T. Grisaru, R. Iengo, and A. Strominger (World Sci., 1989).
[9] M.J. Duff, J. Class. Quant. Grav. 5 (1988) 189
[10] M. Cederwall, A. von Gussich, B.E.W. Nilsson, and A. Westerberg, “The Dirichlet
Super-Three-Brane in Ten-Dimensional Type IIB Supergravity,” hep-th/9610148.
[11] M. Aganagic, C. Popescu, and J.H. Schwarz, “D-Brane Actions with Local Kappa
Symmetry,” hep-th/9610249; “Gauge-Invariant and Gauge-Fixed D-Brane Actions,” hep-
th/9612080.
[12] M. Cederwall, A. von Gussich, B.E.W. Nilsson, P. Sundell, and A. Westerberg, “The
Dirichlet Super-p-Branes in Ten-Dimensional Type IIA and IIB Supergravity,” hep-
th/9611159.
[13] E. Bergshoeff and P.K. Townsend, “Super D-branes,” hep-th/9611173.
[14] M. Born and L. Infeld, Proc. R. Soc. A144 (1934) 425; M. Born, Ann. Inst. Poincare´ 7
(1939) 155.
27
[15] E.S. Fradkin and A.A. Tseytlin, Phys. Lett. B163 (1985) 123; A.A. Tseytlin, Nucl.
Phys. B276 (1986) 391; R.R. Metsaev, M.A. Rahmanov, and A.A. Tseytlin, Phys. Lett.
B193 (1987) 207.
[16] E. Bergshoeff, E. Sezgin, C.N. Pope, and P.K. Townsend, Phys. Lett. B188 (1987) 70.
[17] A. Abouelsaood, C.G. Callan, C.R. Nappi, and S.A. Yost, Nucl. Phys. B280 (1987)
599; C. Callan, C. Lovelace, C. Nappi, and S. Yost, Nucl. Phys. B308 (1988) 221.
[18] R.G. Leigh, Mod. Phys. Lett. A4 (1989) 2073.
[19] C. Bachas, Phys. Lett. B374 (1996) 37, hep-th/9511043.
[20] R. Gu¨ven, Phys. Lett. B276 (1992) 49.
[21] E. Bergshoeff, M. de Roo, and T. Ort´in, “The Eleven-Dimensional Five-Brane,” hep-
th/9606118.
[22] E. Witten, “Five-Brane Effective Action,” hep-th/9610234.
[23] M. Berkooz and M.R. Douglas, “Five-Branes in M(atrix) Theory,” hep-th/9610236.
[24] P.S. Howe and E. Sezgin, “D = 11, p = 5,” hep-th 9611008.
[25] C.G. Callan, J.A. Harvey, and A. Strominger, Nucl. Phys. B367 (1991) 60; D.M. Kaplan
and J. Michelson, hep-th/9510053; K. Becker and M. Becker, Nucl. Phys. B472 (1996)
221, hep-th/9602071.
[26] N. Marcus and J.H. Schwarz, Phys. Lett. B115 (1982) 111.
[27] M. Henneaux and C. Teitelboim, Phys. Lett. B206 (1988) 650.
[28] J. Schwarz and A. Sen, Nucl. Phys. B411 (1994) 35.
[29] E. Verlinde, Nucl. Phys. B455 (1995) 211.
[30] M. Perry and J.H. Schwarz, “Interacting Chiral Gauge Fields in Six Dimensions and
Born–Infeld Theory,” hep-th/9611065.
[31] J.H. Schwarz, “Coupling a Self-Dual Tensor to Gravity in Six Dimensions,” hep-
th/9701008.
28
[32] B. McClain, Y.S. Wu, and F. Yu, Nucl Phys. B343 (1990) 689.
[33] N. Berkovits, “Local Actions with Electric and Magnetic Sources,” hep-th 9610134;
“Super-Maxwell Actions with Manifest Duality,” hep-th/9610226.
[34] I. Bengtsson and A. Kleppe, “On Chiral p-Forms,” hep-th/9609102; I. Bengtsson, “Man-
ifest Duality in Born-Infeld Theory,” hep-th/9612174.
[35] P. Pasti, D. Sorokin, and M. Tonin, “Covariant Action for a D=11 Five-Brane with the
Chiral Field,” hep-th/9701037.
[36] P. Pasti, D. Sorokin, and M. Tonin, Phys. Rev. D52 (1995) 4277, hep-th/9506109; “On
Lorentz Invariant Actions for Chiral P-Forms,” hep-th/9611100.
[37] G.W. Gibbons and D.A. Rasheed, Nucl. Phys. B454 (1995) 185.
[38] P.K. Townsend, Phys. Lett. B350 (1995) 184, hep-th/9501068.
[39] E. Witten, Nucl. Phys. B443 (1995) 85, hep-th/9503124.
[40] M. Aganagic, J. Park, C. Popescu, and J.H. Schwarz, to appear.
[41] M.J. Duff and J.X. Lu, Nucl. Phys. B390 (1993) 276, hep-th/9207060.
[42] P.K. Townsend, Phys. Lett. B373 (1996) 68, hep-th/9512062.
[43] C. Schmidhuber, Nucl. Phys. B467 (1996) 146, hep-th/9601003; A.A. Tseytlin, Nucl.
Phys. B469 (1996) 51, hep-th/9602064.
[44] N. Seiberg, “Non-trivial Fixed Points of The Renormalization Group in Six Dimensions,”
hep-th 9609161.
[45] E. Witten, “Some Comments on String Dynamics,” hep-th/9507121; A. Strominger,
Phys. Lett. B383 (1996) 44, hep-th/9512059; N. Seiberg and E. Witten, Nucl. Phys.
B471 (1996) 121, hep-th/9603003; M. Duff, H. Lu, and C.N. Pope, Phys. Lett. B378
(1996) 101, hep-th/9603037; J.H. Schwarz, “Self-Dual Superstring in Six Dimensions,”
hep-th/9604171.
29
[46] R. Dijkgraaf, E. Verlinde, and H. Verlinde, “BPS Spectrum of the Five-Brane and Black
Hole Entropy,” hep-th/9603126; “BPS Quantization of the Five-Brane,” hep-th/9604055;
“Counting Dyons in N = 4 String Theory,” hep-th/9607026.
[47] P. Horava and E. Witten, Nucl. Phys. B460 (1996) 506, hep-th/9510209.
[48] O.J. Ganor and A. Hanany, Nucl. Phys. B474 (1996) 122, hep-th/9602120.
[49] O.J. Ganor, “A Test of the Chiral E8 Current Algebra on a 6D Non-Critical String,”
hep-th/9607020; “Toroidal Compactification of Heterotic 6D Non-Critical Strings Down
to Four Dimensions,” hep-th/9608109.
[50] A. Klemm, W. Lerche, P. Mayr, C. Vafa, and N. Warner, Nucl. Phys. B477 (1996) 746,
hep-th/9604034.
30
